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A covariant form of Ohm's Law for bianisotropic plasmas is set up connecting the four-dimen-
sional current density with the field tensor through a material tensor of order three. This ten-
sor is represented by two four-dimensional material tensors of order two, which are closely re-
lated to the usual threedimensional conductivity tensors; its symmetry properties are inves-
tigated and relations between its components and those of the three-dimensional material tensors 
are established. In addition a covariant constitutive equation for a plasma is formulated using 
the polarization model, where the four-dimensional current density is substituted by a polariza-
tion tensor. Thereby the plasma properties — like the dielectric and magnetic properties of a 
medium — are expressed by a material tensor of order four, whose representation is gene-
ralized for bianisotropic media. 

1. Introduction 

The material properties of moving plasmas are 
sometimes described by four-dimensional covariant 
constitutive equations, which are independent of 
the observer, or by the more common three-
dimensional forms. The latter can be obtained — 
after some manipulations — from the three dimen-
sional constitutive equations in the comoving frame 
by substituting the field components through their 
Lorentz-transformed counterparts in the observer's 
frame [1]. 

Covariant constitutive equations have been 
investigated in the literature mainly for bound 
charges, where the dielectric and magnetic properties 
of the medium are combined by a material tensor of 
order four, connecting the field tensor with the 
excitation tensor. Marx [2] and Schmutzer [3] have 
formulated such covariant constitutive relations for 
anisotropic media. They represented the material 
tensor of order four by tensors of order two, which 
are closely related to the three-dimensional electric 
and magnetic permittivity tensors in the comoving 
frame. Kong [4] dealt with bianisotropic media and 
established relations between the components of the 
fourth-order material tensor and the components of 
the three-dimensional material tensors. 

Analogous to the covariant constitutive relation 
for bound charges we will formulate a covariant 
constitutive relation for free charges (a covariant 
Ohm's Law), where now the four-dimensional 
conduction current is connected with the field 
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tensor by a material tensor of order three. Instead 
of the conduction current it is as well possible to 
connect the total current (conduction and con-
vection current) with the field tensor. This leads, 
however, to a somewhat different form of Ohm's 
Law with a different material tensor of order three. 
Both material tensors will be investigated in detail. 
Their symmetry properties will be studied and, as 
in the case of bound charges, their relations to the 
three-dimensional conductivity tensor in the comov-
ing frame as well as in the observer's frame. The 
covariant Ohm's Law and the associated material 
tensor include the special forms, which, for example, 
have been given by Pauli [5] for an isotropic medium 
and by Schmutzer [6] for an anisotropic medium 
using a material tensor of order two. 

The response of the free charges (conductivity 
tensor) is sometimes formally expressed by the 
response of bound charges (electric and magnetic 
susceptibility tensors) in the so-called polarization 
model, using the relation [5] between the polariza-
tion tensor and the four-dimensional current. A 
covariant constitutive equation for free charges in 
the polarization model was formulated by Derfier 
and O'Sullivan [7], who calculated the components 
of their susceptibility tensor of order four — 
connecting the polarization tensor with the field 
tensor — microscopically by means of a covariant 
Vlasov equation. This susceptibility tensor possesses 
the same structure as the material tensor of order 
four for bound charges. Therefore the results found 
for the latter can be adopted and, as far as it is 
necessary, they will be generalized for bianisotropic 
media. 

Another covariant formulation of the constitutive 
equation for free charges, by Tischer and Hess [8], 
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should be mentioned here without further con-
siderations. Instead of the four-dimensional current 
vector the authors introduced a skew-symmetric 
current tensor, consisting of an electric and 
magnetic current, where the magnetic current is 
solely caused by the convection. 

2. Ohm's Law in Moving Media 

a) Covariant Formulation 

The covariant Ohm's Law is given by the 
connection of the four-dimensional conduction 
current + uvuß) jt* with the field tensor FXx by 
a tensor of order three in the form 

(dl + u*uß)j» = \o'x*F>-x (2.1) 

with jv := (gc, j1, j2, j3) the four-dimensional cur-
rent density vector and the field tensor FXx, whose 
components are defined by 

F 0 1 E l , Flk := elkm cBm . 

Furthermore uv := (c, vx, v2, v3)/j/c2 — v2 is the nor-
malized four-velocity (uvuv= — 1) with vl as mean 
center of mass velocity of the whole medium in the 
observer's frame. 

Throughout the paper SI units are used, greek 
indices are running from 0 to 3, latin indices from 
1 to 3. The material tensor ovxx combines the 
conduction properties of the medium and may 
depend in general on differential and integral 
operators (for time and space dispersive media and 
for inhomogeneous media) and on the field com-
ponents themselves for nonlinear media. The 
factor | has been introduced for convenience. The 
skew-symmetry of FXx and Eq. (2.1) yield 

ovxx = - <rvxx , uv ovx* = 0 , (2.2) 

which reduce the originally 64 components to 18. 
For analytical calculations it is more convenient 

to represent ovxx by material tensors of order two. 
To do this we first introduce four-fields EA, Bx 

defined by 
E*:=F*xUx, cB*:= ux, 

E*=(E*vilc,E* + e****vkBm)l{l-v*lc*)W, (2.3a) 

B* = (B*vijc, Bi - elkm vk Em/c2)l{l - v2^2)1'2 

with the dual field tensor 

^"Ofc = —cBk, = — elkm Em 

where is the Levi-Civita symbol. In the 
comoving frame the space components of the four-
fields Ex, B* are the three-dimensional fields E'1 

and B'1, while the time components vanish. These 
four-fields E B * are perpendicular to the four-
velocity, 

Exux = 0, B*ux = 0, (2.3b) 

which follows from the skew-symmetry of the field 
tensors F*X, and the definition of the four-
fields (2.3a). The field tensor FXX can be represented 
by these four-fields as [2] 

FXx = ux Ex — ux Ex — £*x<pv> u<pC Bw . (2.4) 

With the help of these four-fields one can 
formulate Ohm's Law as following: 

(<5; + u* uß) j» = Eavx E* + Bo% c Bv , (2.5) 

which together with [c. f. (2.3a)] 
(<5 l + u ' u j j » 

= \ (EOVX E* + E O \ E x + 2 B o % c B V ) ( 2 . 6 ) 

= | (Eov;Iux - Eo\ Ux + BO% exx<™ uw) F*X 

leads by comparison with (2.1) to the desired 
representation of ovxx by the material tensors of 
order two 

ovxx = E<Jvx UX - Eovx Ux + BO% Uy>. (2.7) 

In the case of an isotropic medium Ohm's Law 
(2.1) with (2.7) becomes 

= EA u x F V X + %B<7 EXJV Uw F*X . ( 2 . 8 ) 

For £<7 = 0 this is Ohm's Law as formulated by 
Pauli [5]. 

As the conduction current and the four-fields 
E*, Bv are perpendicular to the four-velocity, which 
implies that they have only three linearly indepen-
dent components, only 9 components of the tensors 
E,BGvI are independent. Contraction of (2.5) with 
uv yields with (2.3b) and arbitrary E,BÖ 

uVE,B(Jvx = e,BÖUX (2.9 a) 

as a sufficient condition for the vanishing of the 
contracted right hand side of (2.5). Because of the 
orthogonality relation (2.3b) E,BOvXUx can take 
arbitrary values. In order to maintain possible 
symmetries we choose 

E,B(JVXUX = E,BÖUV . (2.9b) 
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In order that in the comoving frame Eq. (2.5) for 
v = l becomes the usual Ohm's Law, viz. 

j'l = Ea'lk E'* + bo'1*: c B'k (2.10) 

the pure space components of E,BCF'VX have to be 
equal to the components of the three-dimensional 
conductivity tensor. Setting v — 0 in Eq. (2.5) leads 
to the identity 0 = 0. Separation of the space and 
time components in condition (2.9 a) and assump-
tion (2.9 b) determines in the comoving frame the 
remaining components of E,BO'VX- Thus in the 
comoving frame the material tensors E, BG'V X are 
given explicitly by 

E,BCf'lk = E,B<j'lk , E,B<y'10 = 0 = E,B0'°k , 
E,B(R'% = E,BÖ, (2.11) 

where the mixed space time components vanish, 
only the pure space components are determined 
and the pure time component is arbitrary. This 
arbitrary component may be but equal to zero 
(accordingly to [2]) or in order to avoid the singu-
larity of E,BGv\ (e.g. for inversion problems) chosen 
arbitrarily unequal to zero. 

The representation of E,BGVX in the observer's 
frame is derived from (2.11) by Lorentz trans-
formation in the form 

E,B<jrx = QVzE,B<T'«ßPl (2.12) 
with the Lorentz transformations Qva, Pßx given by 
[4] 

Qlk=P[ = , Q°0=P°0 = y, (2.13a) 
Qlo=-Plo = yvllc, Qk — Pfc = y vjc/c, 

and 
rl-.= d{+(y- l)vkvHv*, (2.13b) 

y : = (1 - i;2/c2)-L/2 . 

The material tensors of order two EO'VX{BG'VX) 

can be identified in the comoving frame with the 
response of the free charges on the electric field 
(magnetic flux). In the observer's frame such an 
identification is not possible, since the four-fields 
Ex, Bk (2.3a) depend in general on both, the electric 
field Ei and the magnetic flux Bi. 

Besides of the symmetry relation (2.2) of the 
material tensor due to the skew-symmetry of the 
field tensor FXx, one often requires additional 
symmetry relations. This was done, for example, 
by Post [9] for the material tensor for bound 
charges, in order to transfer symmetry properties 
of the three-dimensional material tensors of order 

two to the four-dimensional material tensor of order 
four. 

According to Post [9] we investigate the vanish-
ing of 

1 
a[vXx]:= (2.14 a) 

o! 
. ((jvXx _j_ (jxrX aXxv (jVxX (yXvx ax^v) = 0 , 

which reduces the 18 components of avXx to 14, and 
we look what condition this would impose on E, BOvX-
The skew-symmetry (2.2) reduces (2.14a) to 

avXx axvX axxv _ o . (2.14b) 

Inserting (2.7) into the above equation and rearrang-
ing lead to 

(EOVX — EAXV) U* + (E<TXP — E<JVX) UA 

+ (E(TXX — E<JXX) UV + B(JVV E*X<W Uy, (2.15) 
+ B<Jx<p £vX<™ Uy, + B(JX<p 1lw = 0 

from which one recognizes immediately that the 
symmetry of EGvX, viz. 

Eov* = egXv (2.16a) 

is sufficient for the vanishing of the first six terms 
in (2.15). It is more convenient to consider the last 
three terms of (2.15) in the comoving frame, where 
one gets with u'x = (1,0, 0, 0) 

Ba'nv elkv + B<7'kp enlv + BO'1P eknv = 0 . 

Because of the skew-symmetry of the Levi-Civita 
symbol this sum vanishes for all values of n, I, k 
except n 4= I =(= k, which requires the three-dimen-
sional trace BG'H to be zero. As the four-dimensional 
trace B<JvV is Lorentz invariant, (2.11) yields 

BA% = BÖ (2.16b) 

as the condition on BOvX for the validity of (2.14a). 
Because of (2.16 a) the assumed symmetry 

relation (2.14) would require in an anisotropic 
medium the symmetry of EG'11c• The conductivity 
tensor avXx would be completely determined by the 
six components of EO'11c• Eor bianisotropic media it 
would impose the additional condition (2.16b), 
namely the vanishing of the trace BG'H- Both 
conditions (2.16) would restrict the media described 
by EGvX, B<yvk in an unwanted way, since many 
anisotropic media must be described by a non-
symmetric E<J'1]C in the comoving frame. The 
condition (2.14) will therefore not be imposed in 
what follows. 
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b) Three-Dimensional Formulation 

If we want to maintain the three-dimensional 
formulation, Ohm's Law must be given by the 
connection of the three-dimensional conduction 
current (total current jk reduced by the convection 
current gvk) with the field components in the form 

jk _ g vk = E(J*kn fin _j_ B<y*ks c ßs 5 (2.17) 

where the asterisks distinguish between the three-
dimensional tensors in (2.17) and the space com-
ponents of the four-dimensional ones, which 
coincide only in the comoving frame. The quantities 
E,B(?*LK, unlike E,B<JVX characterize the response of 
free charges on the electric field and magnetic flux, 
respectively, in the comoving frame as well as in 
the observer's frame. 

Inserting in (2.17) the relations between the field 
components and the field tensor FXx [4] 

E" = \(F<>*-F**), cBs = \esmn Fmn (2.18) 

one gets by comparison of (2.17) with (2.1) for v — l 
and splitting the summation over A, x into 0, I the 
following relations between ovXx and E,B<J*lk 

aion = _ r2lE<y*kn, 
almn = r2lk Bo*ks Esmn (2.19) 

with 
r2l = ölk + (y2lc2)vivk. 

The representation of ovXx by the components of 
the three-dimensional tensors E,B<i'lk in the comov-
ing frame is given by the Lorentz transformation, 
according to (2.13), of Eq. (2.19) taken in the 
comoving frame. Comparison of these results with 
(2.19), as given in the observer's frame, leads after 
some manipulations to the relations 
E0*kn = y Vkr EO'rs Vns + y V* Eo'rs £nqs Vqjc , 

B0*k
t = y Vk EO'rm etmn Vnjc + y Vk Bo\ V*t (2.20) 

with 
Vk : = r~lk = dkr - (1 - 1 ly) vk vfjv2 . 

Expressions (2.20) represent the transformation 
relations of the three-dimensional material tensors. 
For anisotropic media (Bo'rs = 0) the last terms 
vanish. For an isotropic medium (2.20) reduces to 

Eo*kn = y Eo' V2kn + y Bo' enqk vqlc , 
B(y*kt = y EO' Etkn Vnjc _j_ y BO' yzkt. (2.21) 

In the observer's frame the medium, isotropic in the 
comoving frame, is bianisotropic with vq as dis-
tinguished direction. 

3. Ohm's Law for the Total Current 

a) Covariant Formulation 

The connection of the total four-dimensional 
current jv, instead of the conduction current 
(bvß + uv uß) jv with the field tensor F>x leads to an 
Ohm's Law in the form 

iv = \avx*FXx. (3.1) 

Now dvxx contains not only the response of the 
conduction current, but that of the charge transport 
— uvuu,jv, too. Both currents are connected by the 
continuity equation 

0,?' = 0. (3.2) 
Equation (3.2) and the skew-symmetry of FXx yield 

d, FXx = 0 , = - o\k, (3.3) 
which reduce the originally 64 components of dvxx 
to 18. 

Like (2.5) one can formulate Ohm's Law with the 
help of the four-fields Ex, Bx as 

jv = EOVX Ex + bOv<pCBV, (3.4) 
which leads to the same representation for dV̂ X by 
E,BGvk as (2.7), viz. 

OVIX = EOVX UX - EOvx UX + BO% Six™ UW . (3.5) 
Unlike the conduction current the total current is 

not orthogonal to the four-velocity, but satisfies the 
continuity Equation (3.2). This means, that in the 
Fourier space the total current is perpendicular to 
the four-dimensional wave vector 

Jcx:= (co/c, k1, k2, k3). 
Therefore analogous considerations as in Chapt. 2 
lead now, instead of (2.9), to the following condition 
and assumption, respectively 

KVE,BOVX = E,BSUX, E,B<RVXKX = E,BOUV , ( 3 . 6 ) 

which hold in the Fourier space and reduce the 
16 components of dvxx to 10, with E,BO being 
arbitrary. In the following we will restrict ourselves 
to the Fourier space. 

Equations (3.6) make E,BOvX in general, for non-
dispersive media as well, dependent on the wave 
vector ki and frequencj^ co. The reason is the 
connection between the charge response and current 
response by the continuity Equation (3.2). 

In order that in the comoving frame Eq. (3.4) 
becomes for v = l the usual Ohm's Law (2.10), the 
pure space components E,B '̂lk have to be equal to 
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the components of the three-dimensional conduc-
tivity tensor E,BO'1IC• For v = 0 Eq. (3.4) expresses 
the charge density Q' through the current response. 
The other components of E,BG'VX in the comoving 
frame are determined from (3.6) by separation of 
the space and time components. One obtains 

E,BO'lk = E,B<Y'lk , E,BCr'°0 = E,B~Ö , 
1 

E, BO'°K = —7 K'L E, BO'LK , 
CO 

1 
E,BG'1 o = —7 E,B<Y'lk • (3 .7 ) 

CO 

Contrary to (2.11) the zeroth row and column do 
not vanish, they represent the charge response. 

Since avxx has the same structure (3.5) as (2.7) 
one can apply the same symmetry considerations as 
in Chapter 2. 

The formulation (3.1) of Ohm's Law is certainly 
less convenient than (2.1), as one has to work from 
the beginning in the Fourier space in order to avoid 
derivatives and the material tensors depend always 
on the wave vector and the frequency. 

b) Three-Dimensional Formulation 

If one connects, instead of the three-dimensional 
conduction current, the three-dimensional total 
current with the field components one gets the 
Ohm's Law for the total current 

jk = EZ*kn En + BZ*ks c bs , (3.8) 

where the asterisks again distinguish the three-
dimensional tensors in (3.8) from the space com-
ponents of the four-dimensional ones in (3.4). In the 
comoving frame E,BG*lk is equal to E,Bd'lk and (3.8) 
takes the form (2.10). The same considerations and 
procedures as in Chapt. 2 lead to the relations 
between OVKX and E,BO*11C in the form 

alOn = _ Ea*ln } Jim« = Esmn (3 9) 

and gives the transformation relations between the 
three-dimensional material tensors 

Ed*lk = y (rlr - ^ [^ö'r* Vk + Bo'r, y j 

BZ*lk = y £mnk ^Jj _ JL j / j (3.10) 

(Vn Vm \ 
• EO'rm E(T'rn + BO'rs Vqs emnq 

with Vlr = r~ilr and /J given by (2.13b). The terms 
proportional to rlr represent in the observer's frame 
the conduction current of the comoving frame, 
while the other terms represent the convection 
current of the comoving frame in the observer's 
frame. 

4. The Polarization Model 
In the comoving frame the response of the free 

charges is sometimes expressed by the response of 
the bound charges in the so-called polarization 
model using the relation [10] 

j'1 - - Jr P'1 + *kM 8* M'm, P'k. (4.1) 

For the electric and magnetic polarizations P'k, 
M'k one formulates the constitutive equations as 

P'lls0 = EX'lkE'k + BX'lkcB'k, 
fi0 c M'l = EXLK E'k + bX1* c B'k , (4 .2) 

where Ex'lk{ßX'lk) and respectively, 
represent the response of the electric and magnetic 
dipoles, respectively, to the electric field (magnetic 
flux). 

Equations (4.1) together with the constitutive 
Eqs. (4.2), (2.10) enables to express the electric and 
magnetic susceptibility tensors E,BX lk, e.bX'1 k 
through the conductivity tensors E,Bd'lk • Since in 
the three equations of (4.1) for j'1 the six com-
ponents of the polarizations P'1, M'1 are not 
uniquely determined by the three components of 
the current vector j'1, the susceptibility tensors are 
not uniquely determined either. This under-deter-
mination leads to a great number of relations bet-
ween the susceptibility and conductivity tensors; 
a very common one among them is 

E,B(y'lk/e0 = — ico' E,BX'lk , E.ßh'h = 0 , (4.3) 
which corresponds to the combination of the 
dielectric and conductivity tensor to the so-called 
effective dielectric tensor 

: = eo(4 + EX'h) + E<j'h • (4.4) (O 

a) Covariant Formulation of the Constitutive 
Relations 

The electric and magnetic polarizations can be 
combined to a skew-symmetric polarization tensor 
M^ [5] in the form 

Moi.-cpi= _ j fzo j M*k:=elkmMm, (4.5) 
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which allows to formulate (4.1) as 
S„ Mv» = j*. (4.6) 

Analogous to the excitation tensor in [2], [3] the 
polarization tensor Mv(* is connected with the field 
tensor FXx by a tensor of order four: 

M>* = i(eo/^o)1/2 XVßXx F*x . (4.7) 

The skew-symmetry of both Mv» and FXx leads to 
the following symmetry relations of the suscep-
tibility tensor xVß*x ' 

XVß*x = ~ Xuvix = ~ lvß*i = Xuv*i> (4-8) 

which reduce the originally 256 components to 36. 
The four-fields Ex, Bx (2.3 a) and the four-

polarizations Px, Mx defined by 
cPx:=MXxux, M*:=J?Xxux, (4.9) 
cP* = (Pi Vi,cPl + elkm vk Mmlc)l( 1 - v2/c2)i/2 , 

J/A = (Jfl Vljc; Ml - elkm Vk Pm)l{ 1 - v2/c2)i/2 , 
with 

allow to formulate constitutive relations in the form 
Pvleo = EXv*E* + BXvicB*, 

juo c Mv = Elvx EA + BXvx CB*. (4.10) 

Like E\ B>- (2.3b) the four-polarizations P*, M* 
are perpendicular to the four-velocity: 

P*UX = 0 , MK = 0. (4.11) 

The orthogonality relations (2.3b), (4.11) lead 
under the same considerations, as in Chapt. 2, to 
the following conditions and assumptions, respec-
tively, for the four-dimensional material tensors of 
order two: 

Uv E, BXVL = E, BX UX , E,BXVX UA = E, B~X UV , 

uvE,Blvx = E,BÄUX, E,BXVXU* = E,BÄUV (4.12) 

which again reduce the 16 components of each of 
the four tensors to 10, with E,B~X, E,BX being 
arbitrary. 

In the comoving frame Eqs. (4.10) become for 
r = 0 the identities 0 = 0. In order that for v~l 
Eqs. (4.10) become the usual three-dimensional 
constitutive relations (4.2), the space components 
of the four-dimensional tensors E,BX'vX, E,BX'vX 
have to be equal to the components of the three-
dimensional susceptibility tensors E,BX1IC, E,ßX'lk-
The remaining components can be determined by 

(4.12). Thus one obtains as the explicit representa-
tion of the four-dimensional susceptibility tensors 
of order two in the comoving frame: 

E,BXlk = E,BX'lk, E,BXl0 = 0 = E,BX'°k, 

E,BX'° 0 = E,BX, 

E,ßX'lk = E,ßX'lk, E,ßX'10 = 0 = E,BX'°k, 
E,BA'°O = E,BX. (4.13) 

The representations in the observer's frame can be 
calculated by Lorentz transformations according to 
(2.13). 

Analogously to (2.4) one can represent Mv'x by 
Pv, M» as 

M9» = cuv P» — cu» Pv — e'wvUy Mw . (4.14) 

Inserting (4.10) into the above equation, one 
gets with the definition of E*, B* (2.3a) an equation 
connecting the polarization with the field tensor 
FXx. A comparison with (4.7) yields after some 
rearrangements the representation of xVßXx •' 

Xvß*x = — (BXv* u * — EXV* ux) vM 
+ (EXß* UX — EXßX Ux) Uv 

+ B V exxy>Q Uv UV (4.15) 
- (ßXße uv - BXvq u ß ) exxw uw 

- (eX°x Ux - EXax Ux) £v»cpo UV , 

where the 36 components of xVß*x a r e uniquely 
determined by the components of each of the four 
susceptibility tensors E, BXVß> E, B?-VI1. The representa-
tion (4.15) is the most general form by which a 
tensor of order four, connecting two skew-symmetric 
tensors of order two, can be represented by tensors 
of order two. It includes as a special case the 
expressions found by Marx [2] and Schmutzer [3] 
for bound charges in media anisotropic in the 
comoving frame ( E X V ß — EX'V» = 0) and the general 
relativistic expressions found by Maugin [11] for 
media isotropic in the comoving frame. 

If we use the constitutive relation (4.7) for free 
charges in the polarization model, one can fix 
arbitrarily some of the material tensors (4.15) 
because of the underdetermination of the suscep-
tibility tensors, which has been discussed earlier. If 
we generalize the convention (4.3), viz. EÄVß = 

= 0, Eq. (4.15) becomes 

XVßA* = (EXßA UX - EXß* UX) UV 

- (EXV*Ux- EXv*ux)UN (4.16) 
- (BXße uv - BXve uß) £xxw uw . 
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This is considerably more complicated than the 
expression (2.7) for the conductivity tensor. 

Besides of (4.8) one often imposes additional 
symmetry relations, for example [9], [4], 

r̂ i* = (4-17) 
which reduces the 36 components to 21 and requires 
certain symmetry properties of the material tensors 
of order two. Insertion of (4.15) into (4.17) yields 
the following symmetry properties of E, BXvH > E, B A V 

EXvß = EXßv> = BXvß = E*ßv, (4.18) 

which have to be satisfied in order that (4.17) holds. 
As the symmetry relations are Lorentz invariant 
relations, (4.18) can easily be transferred to the 
three-dimensional tensors in the comoving frame. 
One recognizes that for media anisotropic in the 
comoving frame (Ex'vti= bXv^ = 0) relations (4.18) 
require the symmetry of the material tensors, which 
is often satisfied by dielectric media, but not for 
plasmas. 

The additional symmetry relation [9] 
y\vixM = 0 (4.19 a) 

reduces the components of xVßXx to 20. Eqs. (4.8) 
and (4.17) yield for (4.19a) 

yVßlX yVXß\ yVXXß = 0 . (4.19b) 

Insertion of (4.15) into (4.19b) leads in the comov-
ing frame, according to (2.16b), to the vanishing of 
the traces BX'1I, E^'H, and thus, with (4.18) 

BXvv = EKV = BX = EJ. (4.20) 
This does not impose an additional condition on 
media anisotropic in the comoving frame, but on 
bianisotropic media. 

b) Three-Dimensional Formulation 

In three-dimensional form the constitutive 
relations (4.10) are: 

Plleo = EX*lk Ek + BX*h c Bk , 
luocMi = EX*lkEK + B?L*lkcBX, (4.21) 

where again the asterisks distinguish the three-
dimensional tensors in (4.21) from the space 
components of the four-dimensional ones in (4.10). 
In the comoving frame (4.21) coincides with (4.2). 

If one splits in (4.7) the polarization tensor on the 
left side into M"k = cPk and Mlk=slkr Mr (4.5), 
respectively, and on the right hand side the 

summation over the greek indices in a summation 
over 0 and I, one gets by comparison with (4.21), 
where Ek and cB^ have been substituted by the 
expressions (2.18), the following relations between 
the components of the susceptibility tensor of order 
four and the three-dimensional tensors of order two: 
yOkOn — gy *kn yOkmn — Esmn B%*ks , (4.22) 

X IkOn = — £ l k r X Ikmn — ßlkr Esmn BV 

The representation of %v/l*x in the observer's 
frame through the components of the three-dimen-
sional tensors E, BX'lk > E, ßXLK in the comoving frame 
is given by a Lorentz transformation (according to 
(2.13)) of (4.22) taken in the comoving frame. The 
comparison of the resulting expressions with (4.22) 
in the observer's frame, leads after some manipula-
tions to the transformation relations of the three-
dimensional material tensors: 

1 
EX*lk = Vlm Vnk EXmn ~ Vlm 8k»« ßs BX'mn 

~ V^kE^mßsEX'mn 

+ Slsm Eknr ßs ßr BX7 

(4.23) 

BX*lk = yim eknsßSEX'mn ~ Vlm V^BX'mn 
y 

— Elsm Sknr ßs ßr E^mn 
— VnkelsmßsBXmn 

1 
V"k ßsEX'mn 

y -£lsmEknrßsßrBX>mn (4.23) 
+ Vlm Vnk E^'mn 
— V^ek^ßrBX'mn, 

1 
— BX*lk = ElsmEknr ßsßr EX mn 
y 

+ VnkEl<>™ ßsBX'mn 

+ Vlm EknrßrEKmn 

+ vlm Vnk bX mn 

with Vlm = r~llm (2.20) and ßi = vljc. 

Concluding Remarks 

The three different forms of constitutive relations 
for moving plasmas — Ohm's Law, Ohm's Law for 
the total current, and the constitutive relation in 
the polarization model —, which we have formulated 
in four and three dimensions, equivalently describe 
the properties of a plasma. Ohm's Law has proved 
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to be most convenient, because Ohm's Law for the 
total current is restricted to the Fourier space and 
makes the material tensors in general, for non-
dispersive media as well, dependent on the wave 
vector and the frequency. The constitutive relations 
in the polarization model lead to much longer 
expressions. 

As the constitutive relations in the polarization 
model serve primarily to describe properties of 

bound charges, the results for constitutive relations 
for bound charges by Marx [2], Schmutzer [3], [6] 
and Kong [4] are recovered by our results and 
generalized to bianisotropic media, respectively. 

Although we had restricted ourselves to plasmas 
moving with constant velocity, the constitutive 
relations and the properties of the material tensors, 
which are formulated covariantly, are valid 
generally for arbitrary moving media. 
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