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A covariant form of Ohm’s Law for bianisotropic plasmas is set up connecting the four-dimen-
sional current density with the field tensor through a material tensor of order three. This ten-
sor is represented by two four-dimensional material tensors of order two, which are closely re-
lated to the usual threedimensional conductivity tensors; its symmetry properties are inves-
tigated and relations between its components and those of the three-dimensional material tensors
are established. In addition a covariant constitutive equation for a plasma is formulated using
the polarization model, where the four-dimensional current density is substituted by a polariza-
tion tensor. Thereby the plasma properties — like the dielectric and magnetic properties of a
medium — are expressed by a material tensor of order four, whose representation is gene-

ralized for bianisotropic media.

1. Introduection

The material properties of moving plasmas are
sometimes described by four-dimensional covariant
constitutive equations, which are independent of
the observer, or by the more common three-
dimensional forms. The latter can be obtained —
after some manipulations — from the three dimen-
sional constitutive equations in the comoving frame
by substituting the field components through their
Lorentz-transformed counterparts in the observer’s
frame [1].

Covariant constitutive equations have been
investigated in the literature mainly for bound
charges, where the dielectric and magnetic properties
of the medium are combined by a material tensor of
order four, connecting the field tensor with the
excitation tensor. Marx [2] and Schmutzer [3] have
formulated such covariant constitutive relations for
anisotropic media. They represented the material
tensor of order four by tensors of order two, which
are closely related to the three-dimensional electric
and magnetic permittivity tensors in the comoving
frame. Kong [4] dealt with bianisotropic media and
established relations between the components of the
fourth-order material tensor and the components of
the three-dimensional material tensors.

Analogous to the covariant constitutive relation
for bound charges we will formulate a covariant
constitutive relation for free charges (a covariant
Ohm’s Law), where now the four-dimensional
conduction current is connected with the field

Reprint requests to Dr. H. Hebenstreit, Institut fir
Theoretische Physik der Universitdat, Universititsstr. 1,
D-4000 Diisseldorf 1.

0340-4811 /79 / 0200-0147 $ 01.00/0

tensor by a material tensor of order three. Instead
of the conduction current it is as well possible to
connect the total current (conduction and con-
vection current) with the field tensor. This leads,
however, to a somewhat different form of Ohm’s
Law with a different material tensor of order three.
Both material tensors will be investigated in detail.
Their symmetry properties will be studied and, as
in the case of bound charges, their relations to the
three-dimensional conductivity tensor in the comov-
ing frame as well as in the observer’s frame. The
covariant Ohm’s Law and the associated material
tensor include the special forms, which, for example,
have been given by Pauli [5] for an isotropic medium
and by Schmutzer [6] for an anisotropic medium
using a material tensor of order two.

The response of the free charges (conductivity
tensor) is sometimes formally expressed by the
response of bound charges (electric and magnetic
susceptibility tensors) in the so-called polarization
model, using the relation [5] between the polariza-
tion tensor and the four-dimensional current. A
covariant constitutive equation for free charges in
the polarization model was formulated by Derfler
and O’Sullivan [7], who calculated the components
of their susceptibility tensor of order four —
connecting the polarization tensor with the field
tensor — microscopically by means of a covariant
Vlasov equation. This susceptibility tensor possesses
the same structure as the material tensor of order
four for bound charges. Therefore the results found
for the latter can be adopted and, as far as it is
necessary, they will be generalized for bianisotropic
media.

Another covariant formulation of the constitutive
equation for free charges, by Tischer and Hess [8],

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
@ @ @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.



148

should be mentioned here without further con-
siderations. Instead of the four-dimensional current
vector the authors introduced a skew-symmetric
current tensor, consisting of an electric and
magnetic current, where the magnetic current is
solely caused by the convection.

2. Ohm’s Law in Moving Media

a) Covariant Formulation

The covariant Ohm’s Law is given by the
connection of the four-dimensional conduction
current (), + u”uy) j# with the field tensor F* by
a tensor of order three in the form

(0, + u? wy) j# = § 0%ax 3% (2.1)

with j#:= (gpc, j1, 42, j3) the four-dimensional cur-
rent density vector and the field tensor F4#, whose
components are defined by

FOl.— Fl, Flk.— glkm¢B,, .

Furthermore u” := (¢, v1, v2, v3)/}/c® — 1?2 is the nor-
malized four-velocity (u”u,= — 1) with »! as mean
center of mass velocity of the whole medium in the
observer’s frame.

Throughout the paper SI units are used, greek
indices are running from 0 to 3, latin indices from
1 to 3. The material tensor ¢”;, combines the
conduction properties of the medium and may
depend in general on differential and integral
operators (for time and space dispersive media and
for inhomogeneous media) and on the field com-
ponents themselves for nonlinear media. The
factor % has been introduced for convenience. The
skew-symmetry of F* and Eq. (2.1) yield

0= —0"%1, U0"2x=0, (2.2)

which reduce the originally 64 components to 18.

For analytical calculations it is more convenient
to represent ¢”;, by material tensors of order two.
To do this we first introduce four-fields E4, B*
defined by

EA:= F*u,, c¢B*:= F™u,,
Er= (E'vfc, E' + elkmyy By)/(1 — v2/c2)1/2, (2.3a)
B*= (Blvyc, Bt — glkm yy. B,y [c?)[(1 — v2[c2)1/2
with the dual field tensor

Fin =} ehov F o,

FOk — _ ¢ Bk, Flk— _ gkmE,
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where ¢*#9v is the Levi-Civita symbol. In the
comoving frame the space components of the four-
fields E4, B?* are the three-dimensional fields £’
and B’l, while the time components vanish. These
four-fields K2, B* are perpendicular to the four-
velocity,

Bruy=0, Bhuz=0, (2.3b)

which follows from the skew-symmetry of the field
tensors F4x ZF 4% and the definition of the four-
fields (2.3a). The field tensor F'** can be represented
by these four-fields as [2]

Fix = yr E% — ux B* — 2% ugpc By . (2.4)

With the help of these four-fields one can
formulate Ohm’s Law as following:

(0, + u” wy) j* = go?s E* + po*yc B?, (2.5)
which together with [c. f. (2.3a)]
(0 + w” uy) j#

= } (g0”2 E* 4 go’x E* 4 2 po”yc B?)  (2.6)

= § (g072 Uy, — EOV% Us + BOV g €259V Uy) FP%

leads by comparison with (2.1) to the desired
representation of ¢7;, by the material tensors of
order two

0% = EO"3 Uy, — EO”» Us + BOV g €35%Y Uy . (2.7)

In the case of an isotropic medium Ohm’s Law
(2.1) with (2.7) becomes

(0}, + w” uy) j#

= EO Uy F% 4 } o €7,V uy F2% (2.8)

For po=0 this is Ohm’s Law as formulated by
Pauli [5].

As the conduction current and the four-fields
E*, B9 are perpendicular to the four-velocity, which
implies that they have only three linearly indepen-
dent components, only 9 components of the tensors
E,B0”; are independent. Contraction of (2.5) with
uy yields with (2.3b) and arbitrary g, go

Uy E,BO”) = E,BO U3, (2.9a)

as a sufficient condition for the vanishing of the
contracted right hand side of (2.5). Because of the
orthogonality relation (2.3b) g, po”2u* can take
arbitrary values. In order to maintain possible
symmetries we choose

E,BO”), ut =g, gou’ . (2.9b)
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In order that in the comoving frame Eq. (2.5) for
» =1 becomes the usual Ohm’s Law, viz.

7'V = go''x E'* + po'lx c B’k (2.10)

the pure space components of g po’”; have to be
equal to the components of the three-dimensional
conductivity tensor. Setting v =0 in Eq. (2.5) leads
to the identity 0 =0. Separation of the space and
time components in condition (2.9a) and assump-
tion (2.9b) determines in the comoving frame the
remaining components of g po’”;. Thus in the
comoving frame the material tensors g, po’”; are
given explicitly by

! E,B0'l0 =0 =g po'%,

(2.11)

t=E,BO %,
0

E,BO’

E,B0'% = g B0,

where the mixed space time components vanish,
only the pure space components are determined
and the pure time component is arbitrary. This
arbitrary component may be but equal to zero
(accordingly to [2]) or in order to avoid the singu-
larity of g,go”; (e.g. for inversion problems) chosen
arbitrarily unequal to zero.

The representation of g po”; in the observer’s
frame is derived from (2.11) by Lorentz trans-
formation in the form

E, 80”1 = @, £,80"%s P} (2.12)

with the Lorentz transformations @, P§ given by

[4]
G=P.=T{, Q=P=y, (213a)

Q=—Pi=yvlc, Qi=—Pi=yuc,
and
Il:= 0L+ (y — 1) v o2,
yi= (1 — v2[c2)-1/2,

(2.13b)

The material tensors of order two go'”;(so’”;)
can be identified in the comoving frame with the
response of the free charges on the electric field
(magnetic flux). In the observer’s frame such an
identification is not possible, since the four-fields
E*, B*(2.3a) depend in general on both, the electric
field E; and the magnetic flux B;.

Besides of the symmetry relation (2.2) of the
material tensor due to the skew-symmetry of the
field tensor F#*, one often requires additional
symmetry relations. This was done, for example,
by Post [9] for the material tensor for bound
charges, in order to transfer symmetry properties
of the three-dimensional material tensors of order
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two to the four-dimensional material tensor of order
four.

According to Post [9] we investigate the vanish-
ing of

1
otvil = = (2.14a)

. (O-Mn -+ o¥vA + gAY — gVHA — GAvH au}.v) =0 s

which reduces the 18 components of ¢¥4* to 14, and
we look what condition this would impose on g, go*2.
The skew-symmetry (2.2) reduces (2.14a) to

gV | gV | ghv =0, (2.14D)
Inserting (2.7) into the above equation and rearrang-
ing lead to
( gG"A — Eo’“’) u* + (go*® — ga”*) ur
- (EO’A" = EG"") u? 4 oy gAnQu Uy
+ BO%g €729V uy + oty XV uy =0

(2.15)

from which one recognizes immediately that the
symmetry of o2, viz.

EC"* = goM (2.16a)

is sufficient for the vanishing of the first six terms
in (2.15). It is more convenient to consider the last
three terms of (2.15) in the comoving frame, where
one gets with 4 = (1,0, 0, 0)

BU,"p glkp + Bo"kp enlp + Bo-’lp gknp — (.

Because of the skew-symmetry of the Levi-Civita
symbol this sum vanishes for all values of n,1, k
except n==1==Fk, which requires the three-dimen-
sional trace go’!; to be zero. As the four-dimensional
trace po?y is Lorentz invariant, (2.11) yields

BO”y = BG (2.16b)
as the condition on go?, for the validity of (2.14a).

Because of (2.16a) the assumed symmetry
relation (2.14) would require in an anisotropic
medium the symmetry of go'’k. The conductivity
tensor ¢?4* would be completely determined by the
six components of go'!%. For bianisotropic media it
would impose the additional condition (2.16b),
namely the vanishing of the trace p¢’y;. Both
conditions (2.16) would restrict the media described
by ko, po? in an unwanted way, since many
anisotropic media must be described by a non-
symmetric go’* in the comoving frame. The
condition (2.14) will therefore not be imposed in
what follows.



150

b) Three-Dimensional Formulation

If we want to maintain the three-dimensional
formulation, Ohm’s Law must be given by the
connection of the three-dimensional conduction
current (total current j* reduced by the convection
current pv¥) with the field components in the form

j¥ — o vk = go*k, En & po*k cBs,  (2.17)

where the asterisks distinguish between the three-
dimensional tensors in (2.17) and the space com-
ponents of the four-dimensional ones, which
coincide only in the comoving frame. The quantities
E,B0 ¥, unlike g po?, characterize the response of
free charges on the electric field and magnetvic flux,
respectively, in the comoving frame as well as in
the observer’s frame.

Inserting in (2.17) the relations between the field
components and the field tensor F4# [4]

En =1 (Fon — Fn0)  c¢Bs=1LlegmnF,, (2.18)

one gets by comparison of (2.17) with (2.1) for v=1
and splitting the summation over A, x into 0, [ the
following relations between ¢?** and g, go*!y

olon — — 2l po*kn

glmn — ['2] gk gsmn (2.19)
with

% = 8+ (2e?) v v

The representation of ¢*# by the components of
the three-dimensional tensors g, po’l;; in the comov-
ing frame is given by the Lorentz transformation,
according to (2.13), of Eq.(2.19) taken in the
comoving frame. Comparison of these results with
(2.19), as given in the observer’s frame, leads after
some manipulations to the relations

EO¥kn = 3 VE po'rs V2 1 o VE po'rs enas vy)c
Bo*ky =y VE '™ gppn v fc -y VE ga'rs Vi (2.20)
with
VE:=T"%=¢F— (1 —1/y)vkv 0.
Expressions (2.20) represent the transformation
relations of the three-dimensional material tensors.
For anisotropic media (go'7s=0) the last terms
vanish. For an isotropic medium (2.20) reduces to
go¥kn — '}/EO'I V2kn L VBO" enak Uq/c R

BO¥kt =y o’ etkn v, fc + y go’ V2t (2.21)

In the observer’s frame the medium, isotropic in the
comoving frame, is bianisotropic with v, as dis-
tinguished direction.
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3. Ohm’s Law for the Total Current

a) Covariant Formulation

The connection of the total four-dimensional
current j?, instead of the conduction current
(0), + w” uy) j# with the field tensor F4 leads to an
Ohm’s Law in the form

(3.1)

Now 0%, contains not only the response of the
conduction current, but thav of the charge transport
— u”uyj#, too. Both currents are connected by the
continuity equation

0,77 =0. (3.2)
Equation (3.2) and the skew-symmetry of F'2* yield
0y 0" Fix =0, (3.3)

0% = — 0¥y,

which reduce the originally 64 components of 67,
to 18.

Like (2.5) one can formulate Ohm’s Law with the
help of the four-fields E4, B as

i» = go¥; BE* + g6"qc B9, 3.4
] [4

which leads to the same representation for 07 2x by
E,Ba”;, as (2.7), viz.

V3% = EO” 3 Uy — ECY 5 Uy + BOV g €1%Y Uy . (3.5)

Unlike the conduction current the total current is
not orthogonal to the four-velocity, but satisfies the
continuity Equation (3.2). This means, that in the
Fourier space the total current is perpendicular to
the four-dimensional wave vector

k* = (w/c, k1, k2, k8) .

Therefore analogous considerations as in Chapt. 2
lead now, instead of (2.9), to the following condition
and assumption, respectively

kyE,BOY, = E,BO W), E,BG"3k*=pg pou’, (3.6)

which hold in the Fourier space and reduce the
16 components of 67, to 10, with g G being
arbitrary. In the following we will restrict ourselves
to the Fourier space.

Equations (3.6) make g, p6”; in general, for non-
dispersive media as well, dependent on the wave
vector k; and frequency w. The reason is the
connection between the charge response and current
response by the continuity Equation (3.2).

In order that in the comoving frame Eq. (3.4)
becomes for v =1 the usual Ohm’s Law (2.10), the
pure space components g, go'lx have to be equal to
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the components of the three-dimensional conduc-
tivity tensor g, po’ly. For =0 Eq. (3.4) expresses
the charge density o’ through the current response.
The other components of g, BG'?; in the comoving
frame are determined from (3.6) by separation of
the space and time components. One obtains

l 0

E,B0''y = E,B0''x, E,B0'% =E,BC,

E,B0 % = o k1 B0 %,

£,BG Y= — k¥ g o'l . (3.7)
()

Contrary to (2.11) the zeroth row and column do

not vanish, they represent the charge response.

Since 67, has the same structure (3.5) as (2.7)
one can apply the same symmetry considerations as
in Chapter 2.

The formulation (3.1) of Ohm’s Law is certainly
less convenient than (2.1), as one has to work from
the beginning in the Fourier space in order to avoid
derivatives and the material tensors depend always
on the wave vector and the frequency.

b) Three-Dimensional Formulation

If one connects, instead of the three-dimensional
conduction current, the three-dimensional total
current with the field components one gets the
Ohm’s Law for the total current

Gk = E&*kn En 4 B&*ks ¢ Bs, (3.8)

where the asterisks again distinguish the three-
dimensional tensors in (3.8) from the space com-
ponents of the four-dimensional ones in (3.4). In the
comoving frame g, BG*1 is equal to g, o’ and (3.8)
takes the form (2.10). The same considerations and
procedures as in Chapt. 2 lead to the relations
between ?4* and g, go*!¥ in the form

~ ~ i ~
O-I()n — Eo-*ln g glmn — gsmn BO'*ls (3‘9)
and gives the transformation relations between the

three-dimensional material tensors

oX¥lk — I — v k. 'rs Yk 'r . okqs b |
EO = r o EC s + Bo''s¢€ .

A v,
BO¥lk — o gmnk (f'f — k,) (3.10)

vn ’ vm ¥ ’
g Y EC"Tm — ——EO'Tn + BO'Ts VI epng
c
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with V!=I""Y and I given by (2.13b). The terms
proportional to I} represent in the observer’s frame
the conduction current of the comoving frame,
while the other terms represent the convection
current of the comoving frame in the observer’s
frame.

4. The Polarization Model

In the comoving frame the response of the free
charges is sometimes expressed by the response of
the bound charges in the so-called polarization
model using the relation [10]

d 2 o '
Pl glkm, M., o = — O P'k. (4.1)

-
7 atl

For the electric and magnetic polarizations Pk,
M’k one formulates the constitutive equations as

Plleg = gy''x E'* + py''k c B'¥,

poc M't = M B’k 4 gA'l ¢ B'F (4.2)

where gy'l'x(syx''x) and gA'lx(BA'Y), respectively,
represent the response of the electric and magnetic
dipoles, respectively, to the electric field (magnetic
flux).

Equations (4.1) together with the constitutive
Eqgs. (4.2), (2.10) enables to express the electric and
magnetic susceptibility tensors g By''x, E,BA%
through the conductivity tensors g, go’’x. Since in
the three equations of (4.1) for j'! the six com-
ponents of the polarizations P’l, M'l are not
uniquely determined by the three components of
the current vector j'!, the susceptibility tensors are
not uniquely determined either. This under-deter-
mination leads to a great number of relations bet-
ween the susceptibility and conductivity tensors;
a very common one among them is

E,BA k=0, (43)
which corresponds to the combination of the

dielectric and conductivity tensor to the so-called
effective dielectric tensor

E,BOk[eo= — 10 E,BY %,

’ ’ i ’
o't := €0(0L + EY %) + o 50 U . (44)

a) Covariant Formulation of the Constitutive
Relations

The electric and magnetic polarizations can be
combined to a skew-symmetric polarization tensor
Mre [5] in the form

MOl :=cPl= — MW, Mk:=gckmp, 6 (4.5)
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which allows to formulate (4.1) as

3y Mvu — ju. (4.6)

Analogous to the excitation tensor in [2], [3] the
polarization tensor M*# is connected with the field
tensor F'#% by a tensor of order four:

Mom =} (eofpo)l/2 gz i . (4.7)

The skew-symmetry of both M*# and F#* leads to
the following symmetry relations of the suscep-
tibility tensor y*#,,:

KHax = — (P = — ("un = Y*xa > (4.8)

which reduce the originally 256 components to 36.

The four-fields E4 B* (2.3a) and the four-
polarizations P2, M* defined by
cPr .= M*wu,, M*:.= H**u,, (4.9)
cP* = (Ply,c Pl + glkmyp Mpfc)/(1 — v2[c2)1/2,

M* = (M'vifc, M! — glkm yy Pp)[(1 — v2[c2)1/2
with
M= T ghxov M o,
allow to formulate constitutive relations in the form
Prleo = gx?s BE* + By?ac B%,

Mo € MY = gAv; E* 4 gA?; ¢ B*. (4.10)

Like E#, B* (2.3b) the four-polarizations P4, M*
are perpendicular to the four-velocity:

Pruy=0, M*u;=0. (4.11)

The orthogonality relations (2.3b), (4.11) lead
under the same considerations, as in Chapt. 2, to
the following conditions and assumptions, respec-
tively, for the four-dimensional material tensors of
order two:

EBYA W = g, B W,
E,BA ub = g pAu’ (4.12)

Uy E,BX’4 = E,BY Ui,
Uy g, B, = E,BA U, ,

which again reduce the 16 components of each of
the four tensors to 10, with g g%, E, BA being
arbitrary.

In the comoving frame Egs. (4.10) become for
»=0 the identities 0=0. In order that for y=1
Eqgs. (4.10) become the usual three-dimensional
constitutive relations (4.2), the space components
of the four-dimensional tensors g gy”2, E,BA”2
have to be equal to the components of the three-
dimensional susceptibility tensors g, gx'', g,BA -
The remaining components can be determined by
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(4.12). Thus one obtains as the explicit representa-
tion of the four-dimensional susceptibility tensors
of order two in the comoving frame:
E.BY % =EBY %, E,BX'%=0=gpy"%,
E,BY % =E,BY,
E,BAYW = 0= g, A%,
(4.13)

E,BA % = g, A",
£,8A'% = E,BA.

The representations in the observer’s frame can be
calculated by Lorentz transformations according to
(2.13).

Analogously to (2.4) one can represent M** by
Py, M~ as

My = cu? Pt — cuk P? — etV yg, M, . (4.14)

Inserting (4.10) into the above equation, one
gets with the definition of £4, B4 (2.3a) an equation
connecting the polarization with the field tensor
Fix, A comparison with (4.7) yields after some
rearrangements the representation of y”4;,:

A = — (X" 2 Ux — EX’x Up) Ut
+ (Bx#aux — EYHxus) ¥
+ BAgC e71o0 Epnpo Up UY
— (By#e w” — BY"o U*) €11V Uy
— (BA%3 ux — EASx W) € g u?

(4.15)

where the 36 components of y¥#;, are uniquely
determined by the components of each of the four
susceptibility tensors g, gy*#, g, pA"*. The representa-
tion (4.15) is the most general form by which a
tensor of order four, connecting two skew-symmetric
tensors of order two, can be represented by tensors
of order two. It includes as a special case the
expressions found by Marx [2] and Schmutzer [3]
for bound charges in media anisotropic in the
comoving frame (py'?# = gA'?#=0) and the general
relativistic expressions found by Maugin [11] for
media isotropic in the comoving frame.

If we use the constitutive relation (4.7) for free
charges in the polarization model, one can fix
arbitrarily some of the material tensors (4.15)
because of the underdetermination of the suscep-
tibility tensors, which has been discussed earlier. If
we generalize the convention (4.3), viz. gi" =
A" =0, Eq. (4.15) becomes

2 = (B)H2 Un — EX*xU2) W
— (EY"2 Ux — EX"x Ua) UH
— (BYHo W — BY"o UF) £2x¥O Uy .

(4.16)
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This is considerably more complicated than the

expression (2.7) for the conductivity tensor.
Besides of (4.8) one often imposes additional

symmetry relations, for example [9], [4],

1 = Yan"* (4.17)

which reduces the 36 components to 21 and requires
certain symmetry properties of the material tensors
of order two. Insertion of (4.15) into (4.17) yields
the following symmetry properties of g, By’u, £, BA"u:

BX"u = E}»uyy (4-18)

which have to be satisfied in order that (4.17) holds.
As the symmetry relations are Lorentz invariant
relations, (4.18) can easily be transferred to the
three-dimensional tensors in the comoving frame.
One recognizes that for media anisotropic in the
comoving frame (gy'?y= A"y =0) relations (4.18)
require the symmetry of the material tensors, which
is often satisfied by dielectric media, but not for
plasmas.
The additional symmetry relation [9]

EX"w = EX4’» BAu=BA/,

Pz ] (4.19a)

reduces the components of y#4* to 20. Egs. (4.8)
and (4.17) yield for (4.19a)

P yPHA gt = () (4.19Db)

Insertion of (4.15) into (4.19Db) leads in the comov-
ing frame, according to (2.16b), to the vanishing of
the traces py'l;, gA'Y;, and thus, with (4.18)

BY"» = EM” = BY = EA . (4.20)

This does not impose an additional condition on
media anisotropic in the comoving frame, but on
bianisotropic media.

b) Three-Dimensional Formulation

In three-dimensional form the constitutive
relations (4.10) are:

Plleg = gy* E* + py*lc Bk,

‘uoCMl — El*llc Ex -+ Bl*lk ¢ Bk 5 (4.21)

where again the asterisks distinguish the three-
dimensional tensors in (4.21) from the space
components of the four-dimensional ones in (4.10).
In the comoving frame (4.21) coincides with (4.2).

If one splits in (4.7) the polarization tensor on the
left side into MOk —c¢ Pk and M = glkr M, (4.5),
respectively, and on the right hand side the
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summation over the greek indices in a summation
over 0 and [/, one gets by comparison with (4.21),
where Ej and ¢ By have been substituted by the
expressions (2.18), the following relations between
the components of the susceptibility tensor of order
four and the three-dimensional tensors of order two:

kamn — gsmn Bx*ks, (4_22)
xlkmn — glkr gsmn Bl*rs )

kaOn e Ex*kn ,
xlkOn = — glkr El*rn,

The representation of x*#4* in the observer’s
frame through the components of the three-dimen-
sional tensors g, gx''k , £, BA'' in the comoving frame
is given by a Lorentz transformation (according to
(2.13)) of (4.22) taken in the comoving frame. The
comparison of the resulting expressions with (4.22)
in the observer’s frame, leads after some manipula-
tions to the transformation relations of the three-
dimensional material tensors:

1

?Ex*zk = Vim Vnk gy’ mn — VM %18 B gy’ mn
— Vnk glsm B pd (4.23)
+ glsm gknr B B A mn 5

o By ¥k = Vim gkns B gy’ — Vim Yk go’
— glsm gknr B¢ B gA mn
— Vnk glsm /33 BA mn

—5 EAXIE = Vnk glsm B gy’

— glsm gknr ﬁs ﬂr Bllmn
+ Vim Vok g2 mn
— Yim gknr ﬂr Bllmn i

(4.23)

?Bl*lk = glsm gknr ﬂs ‘31_ Ex,mn

-+ Vnrk glsm ﬂs Bxlmn
-+ Vim gknr /31' E/I’mn
+ Vim ynk Bl’mn

with Vim — ['-1im (2.20) and f! = vl/e.

Concluding Remarks

The three different forms of constitutive relations
for moving plasmas — Ohm’s Law, Ohm’s Law for
the total current, and the constitutive relation in
the polarization model —, which we have formulated
in four and three dimensions, equivalently describe
the properties of a plasma. Ohm’s Law has proved
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to be most convenient, because Ohm’s Law for the
total current is restricted to the Fourier space and
makes the material tensors in general, for non-
dispersive media as well, dependent on the wave
vector and the frequency. The constitutive relations
in the polarization model lead to much longer
expressions.

As the constitutive relations in the polarization
model serve primarily to describe properties of
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